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In this paper we undertake the modified theory of gravity f(R, T ), where R and T are the Ricci
scalar and the trace of the energy momentum tensor, respectively. Imposing the conservation of
the energy momentum tensor, we obtain a model about what dynamics and stability are studied.
The stability is developed using the de Sitter and power-law solutions. The results show that the
model presents stability for both the de Sitter and power-law solutions. Regarding the dynamics,
cosmological solutions are obtained by integrating the background equations for both the low-redshift
and High-redshift regimes and are consistent with the observational data.
PACS numbers: 04.50.Kd; 98.80.-k; 95.36.+x
I. INTRODUCTION
Nowadays, modifying the law of gravity is a possible way to explain the acceleration mechanism of the universe
[1, 2]. Various theories are developed to explain some characteristics and properties of the dark energy, known as the
responsible of the expanded acceleration of the universe, but it is not clear which king of modified theory of gravity
will finally prevail and attention has to be attached to each one.
This paper is devoted to the some cosmological studies in the so-called f(R, T ) theory of gravity. This theory
takes its origin from the fact the cosmological constant may be taken as a trace[22] dependent function, the so-called
“Λ(T ) gravity” in order to guarantee the interaction between the DE and the ordinary content of the universe, and
this is favoured by the recent cosmological data [3]. This later has been extended viewing the algebraic function that
characterizes the Lagrangian density as functions of both the Ricci R scalar and the trace T of the energy momentum
tensor, namely, f(R, T ) [4]. The dependence on T may be a consequence of the universe being partially filled by
an exotic imperfect fluid, or consequence of quantum effects coming from conformal anomaly. Several works have
been developed in the framework of this kind of modified theory of gravity and considerable results have been found
[5]-[17]. However, anywhere, these theories took into account the important aspect of guaranteeing the conservation
of the energy momentum tensor. This feature has been first undertaken by Alvarenga and collaborators [18] where
they consistently ensured the conservation of the energy momentum tensor, from which they constructed a f(R, T )
model. In that paper, they investigate the dynamics of scalar perturbation within the obtained model and focused
they attention to the sub-Hubble modes, and showed that through the quasi-static approximation the results are very
different from the ones derived in the frame of the concordance ΛCDM model, constraining of the validity of this
kind of model.
The result obtained in that paper is quite reasonable due to the choice of the ordinary matter content and the
determination of the integration constant. These factors strongly influenced the result in that paper and as our goal
in this paper, we propose to keep the ordinary matter, not only as the non-relativistic one as performed in [18], but as
a mixture of non-relativistic matter (dust) and relativistic matter (radiation), despite the current low proportion of
this latter. Rather than studying the dynamics of scalar perturbations, we will focus our attention to the cosmological
dynamic in the low-redshift and high-redshift regimes. Moreover the stability of de Sitter and power-low solutions
within the model under consideration.
The paper is organized as follows: in Sec. II we construct the model consistent with the vanishing divergence of
the energy momentum tensor. The stability of the critical points of the dynamics system are checked in the Sec. III
and the one of the perturbation functions within the model under consideration is developed in the Sec. IV. The Sec.
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2V is devoted to the study of the cosmological dynamics with the considered model. The conclusion is presented in
the Sec. VI.
II. OBTAINING THE MODEL ACCORDING TO ENERGY-MOMENTUM TENSOR CONSERVATION
We start this work writing the action in the following form
S =
1
2κ
∫ √−g [f(R, T ) + Lm] , (1)
where R, T are the curvature scalar and the trace of the energy momentum tensor, respectively, and κ2 = 8piG, G
being the gravitation constant. The energy momentum tensor is defined from the matter Lagrangian density Lm by
Tµν = − 2√−g
δ (
√−gLm)
δgµν
. (2)
By varying the action with respect to the metric gµν , one gets the general equations of motion
fRRµν − 1
2
gµνf(R, T ) + (gµν2−∇µ∇ν)fR = κ2Tµν − fT (Tµν +Θµν) , (3)
where Θµν is determined by
Θµν ≡ gαβ δTαβ
δgµν
= −2Tµν + gµνL − 2gαβ ∂
2Lm
∂gµν∂gαβ
. (4)
In order to reach the expression of the covariant derivative of the energy-momentum tensor and extract the one of
the algebraic function, one perform the covariant derivative of (4), as
∇µ[fRRµν − 1
2
gµνf(R, T ) + (gµν2−∇µ∇ν)fR
]
= ∇µ[k2Tµν − fT (Tµν +Θµν)], (5)
which can be rewritten as
fR∇µRµν +Rµν∇µfR − 1
2
gµν (fR∇µR+ fT∇µT ) + (gµν∇µ2−∇µ∇µ∇ν)fR
= k2∇µTµν − fT (∇µTµν +∇µΘµν)− (Tµν +Θµν)∇µfT . (6)
By evaluating the forth term of the above expression, one gets
(gµν∇µ2−∇µ∇µ∇ν) fR = (∇ν2−2∇ν)fR (7)
= −Rµν∇µfR .
From the above equation, one gets the following expression
∇µTµν = 1
κ2 − fT
[
fT∇µΘµν + (Tµν +Θµν)∇µfT − 1
2
gµνfT∇µT
]
. (8)
By assuming that the matter content of the universe is a perfect fluid, one can write the energy momentum tensor as
Tµν = (ρ+ p)uµuν − pgµν , (9)
where ρ and p are the energy density and the pressure of the ordinary matter, respectively, uµ is the four-velocity such
that uµuµ = 1. Therefore, the Lagrangian density may be chosen as Lm = −p, and the tensor Θµν = −2Tµν − pgµν .
Then, after some elementary transformations, Eq. (8) takes the following expression
∇µT µν =
1
κ2 + fT
{
−ωδµν fT∂µρ+ (1− 3ω)
[
(−T µν − ωρδµν ) fTT −
1
2
δµν fT
]
∂µρ
}
, (10)
where we used the barotropic equation of state p = ωρ. By setting ν = 0, one gets
ρ˙+ 3Hρ (1 + ω) = − ρ˙
κ2 + fT
{
ωfT + (1− 3ω)
[
ρ (1 + ω) fTT +
1
2
fT
]}
. (11)
3In order to ensure a null divergence of the energy momentum tensor, one has to vanish the r.h.s of Eq. (11), leading
to the differential equation
2 (1 + ω)TfTT − (ω − 1) fT = 0 , (12)
whose general solution reads
f(T ) = αT
1+3ω
2(1+ω) + γ , (13)
where α and γ are integration constants. In what follows, we assume γ = 0 and search for α through initial conditions.
We then assume that at the present time t0 the f(R, T ) model recovers the ΛCDM one, i.e., f(R0, T0) = R0 − 2Λ.
In this paper, we propose to work will the model R+ f(T ). Therefore, one gets the algebraic function f(T ) as
f(T ) = −2Λ
(
T
T0
) 1+3ω
2(1+ω)
, (14)
meaning that the constant α depends on the cosmological constant Λ, the parameter of ordinary equation of state ω
and the current trace of the energy momentum tensor T0 as
α = −2ΛT−
1+3ω
2(1+ω)
0 . (15)
III. STUDYING THE STABILITY OF THE CRITICAL POINT OF THE DYNAMIC SYSTEM
We consider the universe is filled by two interacting fluids, the dark energy and the ordinary matter whose energy
density are respectively ρd and ρ. This means that the energy corresponding to each fluid is not conserved and the
semi-continuity equations of continuity are written as
ρ˙+ 3H(ρ+ p) = −E1, (16)
ρ˙d + 3H(ρd + pd) = E1, (17)
where E1 denotes the term of interaction between the two fluids. Let us define the following cosmological density
parameters
u =
ρ
3H2
, v =
ρd
3H2
. (18)
By using the e-folding parameter N = ln a, a being the scale factor, the equations of continuity (16) and (17) are
presented as a system: {
du
dN
= 3u[(u− 1)(1 + w) + v(1 + wd)]− E13H3 ,
dv
dN
= 3v[(v − 1)(1 + wd) + v(1 + w)] + E13H3 ,
(19)
where we assumed κ2 = 1. The critical point are found by setting
du
dN
= 0,
dv
dN
= 0 . (20)
Considering that the interaction term E1 = 3qHρ with q a constant, one gets{
3u[(u− 1)(1 + w) + v(1 + wd)]− 3qu = 0,
3v[(v − 1)(1 + wd) + u(1 + w)] + 3qu = 0. (21)
After a resolution we find the following critical points
A(uc = 0, vc = 1), B(uc =
(q + w − wd)
w − wd , vc =
−q
w − wd ). (22)
The critical point B seems reasonable and it is about it we will perform the study of stability. Then, we consider a
perturbation in the vicinity of this point and write the variable u and v as
u = uc + δu, v = vc + δv. (23)
4Therefore, the system becomes{
dδu
dN
= 3[(2uc − 1)(1 + w) + (1 + wd)vc − q]δu+ 3uc(1 + wd)δv,
dδv
dN
= 3[vc(1 + w + q)δu + 3[(2vc − 1)(1 + wd) + (1 + w)uc]δv, (24)
Regarding the critical point B the eigenvalues are found as
λ1 = 3(q + w − wd), λ2 = 3(1 + q + w). (25)
It is easy to see that for wd < w + q and −1 < w + q, λ1 and λ2 are positives. Hence, the point B is unstable. For
λ1λ2 < 0, wd < w+ q < −1 or −1 < w+ q < wd, B is saddle point. For λ1 < 0, λ2 < 0, q+w < wd and q+w < −1,
B is stable (an attractor). We present the evolution of the variable u and v versus the e−folding parameter N as
well as the space phase for some suitable values of the input parameters consistent with the observational data, and
presented at Fig. 1. We see from this figure that the interaction case, as the energy density of the ordinary matter
decreases and becomes very small, the one of the dark energy goes increases and goes toward 1 as the time evolves.
This is quite reasonable because from observational data, the current universe is well dominated by the dark energy.
On the other hand, regarding the graph of v versus u, it is clear that the critical point about which the stability is
studies is a saddle point.
Figure 1: The graph at the left hand of this figure shows the evolution of the cosmological parameters u and v
versus the e-folding parameter N . The graph at the right hand shows the space-phase, v versus u. The graphs are
plotted for the interaction term q = 0.2, and the parameter of equation of state of ordinary content of the universe
w = 0, and the one characterising the dark energy ωd = −2.9.
IV. STABILITY OF f(R, T ) MODEL
This section is devoted to the study of the stability of the model f(R, T ) = R + f(T ) using the power law and de
Sitter solution.
We will be interested to the perturbation of both the geometrical and matter parts of the generalized equations of
motion. To do so, we focus our attention to the Hubble parameter for what concerns the geometry and the energy
density of the ordinary content concerning the matter of the background, and perform the perturbation about them
as [19, 20]
H(t) = Hb(t)(1 + δ(t)), ρ(t) = ρb(t)(1 + δm(t)), (26)
where Hb(t) and ρb(t) denote the Hubble parameter and the energy density of the ordinary matter of the background
respectively. Taking into account the interaction term, the continuity equation of the ordinary matter is cast into the
form
ρ˙b(t) + 3Hb(t)ρb(t)(1 + w + q) = 0 , (27)
5which is solved giving
ρb(t) = ρ0 e
−3(1+w+q)
∫
Hb(t)dt, (28)
where ρ0 is an integration constant. In order to study the linear perturbation about H(t) and ρ(t), we develop f(T )
in a series of Tb = ρb(1− 3w) as:
f(T ) = f b + f bT (T − Tb) +O2, (29)
The function f(T ) and its derivative are evaluated at T = Th. Regarding the Einstein-Hilbert term, the novelty here
is the effect coming from f(T ). By substituting (26) and (29) into the first generalized equation of Friedmann,
3H2 = ρ+ (ρ+ p)fT +
1
2
f(T ) , (30)
one gets after simplification
6H2b (t)δ(t) =
[
ρb + ρbf
b
T (
3− w
2
) + ρ2b(1− 2w − 3w2)f bTT
]
δm(t). (31)
Considering that the ordinary matter is essentially the dust, we obtain the simple expression
6H2b (t)δ(t) =
[
ρb + 3ρbf
b
T + 2ρ
2
bf
b
TT
]
δm(t). (32)
Regarding the matter perturbation function one gets the following differential equation
˙δm(t) + 3(1 + w + q)Hb(t)δ(t) = 0. (33)
Eliminating δ(t) between (31) and (33), we obtain the differential equation
2Hbδ˙m(t) + (1 + w + q)
[
ρb + ρbf
b
T
(
3− w
2
)
+ ρ2b(1 − 2w − 3w2)f bTT
]
δm(t) = 0, (34)
whose general solution reads
δm(t) = C0 exp
{
−
(
1 + w + q
2
)∫
ρb
Hb
[
1 + f bT
(
3− w
2
)
+ ρb(1 − 2w − 3w2)f bTT
]
dt
}
, (35)
where C0 is an integration constant. From Eq. (33) one extract
δ(t) =
C0CT
6Hb
exp
{
−
(
1 + w + q
2
)∫
CT dt
}
, (36)
with
CT =
ρb
Hb
[
1 + f bT
(
3− w
2
)
+ ρb
(
1− 2w − 3w2) f bTT
]
. (37)
A. Stability of de Sitter solutions
In this case, the Hubble parameter is written as
Hb(t) = H0 → a(t) = a0eH0t. (38)
The expression (28) becomes,
ρb(t) = ρ0e
−3(1+w+q)H0t. (39)
Making use of the relation dρb = −3(1 + w + q)H0ρbdt and through an elementary transformation one gets∫
CT dt = − 1
3H0(1 + w + q)
∫
1
ρb
CT dρb
= − 1
3H20 (1 + q + w)
{
ρb + α
(3 − w)
2
ρβb (1− 3w)β−1 + α(1− 2w − 3w2)(β − 1)(1− 3w)β−2ρβb
}
. (40)
6By replacing this expression in (35), one obtains
δm(t) = C0 exp
{
1
6H20
[
ρb + α
(3 − w)
2
ρβb (1− 3w)β−1 + α(1− 2w − 3w2)(β − 1)(1− 3w)β−2ρβb
]}
. (41)
Therefore the perturbation function about the geometry can be obtained, given by
δ(t) =
C0CT
6H0
exp
{
1
6H20
[
ρb + α
(3 − w)
2
ρβb (1 − 3w)β−1 + α(1 − 2w − 3w2)(β − 1)(1 − 3w)β−2ρβb
]}
, (42)
with
CT =
1
H0
{
ρb + αβ
(3− w)
2
ρβb (1 − 3w)β−1 + αβ(β − 1)(1− 2w − 3w2)(1 − 3w)β−2ρβb
}
, (43)
and
f(T ) = αT β, (44)
with α the one defined in (15) and β = (1+3ω)/(2(1+ω)). For some suitable values of the input parameters consistent
with the cosmological observational data, we plot the curve characterizing the behaviour of the perturbation function at
the left side in Fig. 2. We see that as the universe expands, i.e., increasing N , the matter and geometric perturbations
functions, δm and δ respectively, goes towards positive values more less than 0.1 as the time evolves.
B. Stability of Power-Law solutions
Here, the scale factor is written as
a(t) ∝ tn → Hb(t) = n
t
, (45)
and the ordinary energy density (28) becomes
ρb = ρ0t
−3n(1+w+q). (46)
By making the substitution of ρb in (34), one gets after resolution, the following expression
δm(t) = C1 exp
{
−A
(
A1
2 +B
t2+B +
A2
2 + βB
t2+βB
)}
, (47)
where C1 is an integration constant, and
A =
(1 + w + q)
2n
, A1 = ρ0, B = −3n(1 + w + q),
A2 = αβρ
β
0
{
(18w3 + 9w2 − 14w + 3)
2(1− 3w)2−β +
β
(1 − 3w)(1−β)
}
. (48)
From the expression (33), one obtains
δ(t) =
C1
6n2
(
A1t
2+β +A2t
2+Bβ
)
exp
{
−A
(
A1
2 +B
t2+B +
A2
2 + βB
t2+βB
)}
. (49)
As performed in the previous subsection, we present the evolution of the perturbation functions for suitable cosmo-
logical values of the input parameters in Fig 2.
V. COSMOLOGICAL DYNAMICS IN R + f(T ) GRAVITY
This rubric is devoted to the study of the model of type f(R, T ) = R + f(T ) using the cosmological solutions of
Low-redshift and high-redshift. Here, we decouple the matter in its relativist part (the radiation) and its non-relativist
(assumed as the dust), then, assuming that the interaction occurs between the dust and the dark energy.
The equations of continuity of the considered fluids are written as

ρ˙m + 3Hρm (1 + q) = 0 ,
ρ˙rad + 4Hρrad = 0 ,
ρ˙d + 3Hρd (1 + ωd) = 3Hqρm,
(50)
where we have assumed that the interaction term between the dark energy and the ordinary matter is 3Hqρm.
7Figure 2: The graph at the left side of the figure presents the evolution of the perturbation functions δm (black)
and δ (red) within the de Sitter solutions, while the one at the right side shows the evolution of the perturbation
functions within the power-law solutions. The graph are plotted for n = 2/3, Λ = 1.7× 10−121, ρ0 = 0.1× 10−121,
ω = 0 and C1 = 1 .
A. Low-redshift solutions
In order to develop the study it is suitable to introduce the quantities
x ≡ H˙
H2
, y ≡ H, Ωm ≡ ρm
3H2
, Ωrad ≡ ρrad
3H2
. (51)
Hence, using the first generalized equation of Friedmann, one gets the following system


x′ = 92 (1 + q)(1 + fT + fTT )yΩm + 8(1 + fT +
3
4fTT )yΩrad − 2x2,
y′ = xy,
Ω′m = −(3 + 2x)Ωm,
Ω′rad = −(4 + 2x)Ωrad,
(52)
where the prime denotes the derivative with respect to the parameter N = ln a. Once our model is specified, we
can integrate the background equations through the above dynamic system directly in the low-redshift regime, within
some suitable cosmological values of the input parameters. Through the well known relations ΩDE = 1− Ωm − Ωrad
and ωeff = −1− 2H˙/(3H2) = −1− 2x/3, we present the evolution of ωeff , ΩDE , Ωm and Ωrad versus the e−folding
parameter. The initial conditions are assumed to be x = −1.502, y = 20.0, Ωm = 0.9959 and Ωrad = 0.004. This
numerical results show clearly the cosmological evolution of the universe, i.e., the matter era is followed by the
accelerated one with final stage producing exactly the ΛCDM feature where ωeff goes toward −1 for large scalar
factor (low-redshift).
Moreover, we try to check the influence of the interaction term by first vanishing it (q = 0). In such a situation,
comparing with the case where the interaction term is considered, we see that the effective parameter of equation
of state ωeff is more negative. This is quite reasonable and explain why is it important to consider a running
cosmological constant to realize the interaction between the matter and dark energy. Observe that when q = 0, ωeff
is more negative and the universe will be more phantom than in the case where interaction term is considered. Hence, it
appears clearly that in order to have a ωeff consistent with the observation data (say,WMAP9 data [21]), interaction
terms are indispensable. The model under consideration in this paper offers this possibility of more reaching the
physical interval of ωeff according to observational data. Therefore, the model is acceptable, at least in the view of
low-redshift regime, for being a competitive candidate for the dark energy.
8Figure 3: The graphs present the evolution of the cosmological parameters Ωm (blue), Ωrad (magenta), ΩDE (red),
and ωeff (black). The left one describes the evolution of the above parameters versus N within the model under
consideration with interaction term (q = −0.2), while the middle one corresponds to the case where the interaction
term vanishes (q = 0). The right one describes the behaviour of the parameters in ΛCDM model with (q = −0.2).
The graphs are plotted for ω = 0, ρ0 = 0.1× 10−121 and ΛCDM = 1.7× 10−121.
B. High-redshift solutions
In this subsection we search for the viability of the model for very small values of the scale corresponding to high-
redshift, a . 10−2, (the era of nucleosynthesis). In such a situation, one can minutely fix the initial value of N at that
for which a = 10−2, that is N ≃ −4.6. Let us illustrate this by first writing the first generalized Friedman equation
as
H2 −H2Λ =
1
3
[
1 + ω
1− 3ωTfT +
1
2
f
]
, (53)
where
H2Λ
H20
=
Ω
(0)
m
a3
+
Ω
(0)
rad
a4
. (54)
It is easy to see that for times close to the current one, that is, T → T0, the algebraic function f(T ) goes toward −2Λ
such that fT → 0 and the right hand side of (53) gives −Λ/3. Now, at high-redshift, i.e., for small scale factor, so,
negative N , one can explore the evolutions of the same parameters as performed in the above case (the low-redshift).
At the same time, we need to be more realist taking into account the physical aspect of the universe. It is important
to note that for high-redshift, the universe lives in Plank era when the universe is practically filled by radiation.
Considering that all this happens in the first Planck time, where the nucleo-synthesis is starting, we can set the initial
9conditions to 0.004 for the matter and 0.9959. As it is well known, as the universe expands, it evolves becoming
cool and the quark known as the elementary particle gives rive to all matter we see today through the recombination
process. If ΛCDM is widely accepted to describe to universe, mainly at it present stage, we try to go toward early
times and analyse the deviation of the model under consideration in this paper, with the ΛCDM one. To do so, we
plot the right hand side of (53) and compare it numerically with the ΛCDM for high-redshift. The result is presented
at the Fig. 4. This result shows that the model under consideration is this paper reproduces the Λ behaviour for small
scale factor. Indeed, this result was expected because for high-redshift, the radiation is predominant and the effective
parameter of equation of state ωeff is about 1/3. In such a situation, the trace T of the energy momentum tensor
vanishes and the ΛCDM model should be recovered. Therefore, the model also works very for the early moment of
the universe. However, as the universe evolves, the f(R, T ) model starts differing slightly from the ΛCDM one.
Figure 4: The graph shows the deviation of the f(T ) from ΛCDM model. The graph are plotted for ω = 1/3 and
ΛCDM = 1.7× 10−121
VI. CONCLUSION
We undertook in this work cosmological analysis about a model in the framework of the so-called f(R, T ) theory.
In order to obtain a viable f(R, T ) model, we first impose the covariant conservation of the energy momentum, from
which, we get a model of the king R + f(T ), being a sort of trace depending function correction to the general
relativity. The obtained model includes parameters depending on the cosmological constant Λ and the parameter ω
of the ordinary equation of state. These parameters play a main role in the whole study developed in this manuscript.
By the way, we study the dynamics of the cosmological system, analysing the stability about the critical points.
Our result shows that for both de Sitter and power-law solutions, the perturbations functions converge traducing the
stability of the model.
Moreover, the stability of the model is checked within the de Sitter and power-law solutions by performing linear
perturbation about the physical critical point. We see that for the both considered solutions, the model presents
stability through the convergence of the geometric and matter perturbation functions δ and δm.
Regarding the cosmological dynamics, we search how much the model may describe the early and present stages
of the universe by studying how much it is consistent in both the low-redshift and high-redshift regimes. The results
present consistency with the cosmological observational data.
Therefore, we conclude that, regarding the stability and dynamics, the model under study here is competitive
candidate for dark energy.
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